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INFLUENCE LINES CORRECTIONS 
ASSUMED SHAPE 


EDWARD WILSON,? ASCE 


analytical procedure presented for obtaining influence lines for 
continuous structures successive numerical corrections assumed 
shape. The structure may have any variation cross section and may 
may not subject sidesway. Any degree precision possible. 


INTRODUCTION 


the design and analysis continuous structures, influence lines are 
virtually essential. The usual method constructing influence diagrams 
computing influence values for different positions unit load applied the 
structure. This rather tedious work, and the method not particularly 
suitable quick approximations which may adequate for design purposes. 

procedure presented this paper for determining influence lines for 
any continuous girder rigid frame successively correcting assumed 
shape. can used obtain approximate influence lines for preliminary 
design obtain precise influence lines for final design and analysis. Certain 
factors related those used moment distribution* are employed, are 
certain values generally available tabular graphical form. The procedure 
based two concepts: 


The influence line and 

concept which the influence line for continuous structure 
obtained adding corrections influence line obtained neglecting 
continuity. 


comments are invited for publication; the last discussion should submitted 
October 1952. 
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The procedure involves assumption statically possible solution. 
Such assumption introduces errors the geometry which are then adjusted, 
any required precision, successive corrections. 


GENERAL PROCEDURE 


powerful means for visualizing the shape any influence line results 
from principle stated From this principle follows 
that, unit deformation corresponding the particular function—such 
moment, shear, reaction—under consideration produced, the deflected 
structure draws its own influence line. means this concept influence 
lines may quickly sketched. However, obtain quantitative results 
necessary evaluate individual ordinates the line. This usually done 
computing the value the particular function under consideration for 
different positions unit load. 


(a) INFLUENCE LINE FOR MOMENT 


+ 


(b) INFLUENCE LINE SHEAR 


Fie. CoMBINING ASSUMED SOLUTION AND CORRECTION 


quantitative scale can obtained constructing the influence diagram 
two steps. First, the structure considered cut that becomes statically 
determinate, and the influence line drawn for the statically determinate 
span. Ordinates this line can determined exactly computations 
statics from consideration the geometry the bent line resulting from 
the application unit deformation. Secondly, correction deformations 
necessary restore continuity are applied. the deflected load line resulting 
from these correction deformations superimposed the statical influence 
line, influence diagram for the continuous structure obtained. Super- 
position obtain influence lines, using computed influence ordinates, has been 
demonstrated 

Fig. shows influence lines obtained two steps. solution which satisfies 
statics assumed; but this assumption involves errors the geometry, and 


Frames Reinforced Hardy Cross and Morgan, John Wiley 
Sons, Inc., New York, Y., 1932, pp. 249-252. 
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correction pattern added such that the requirements continuity are also 
satisfied. End slopes, and ordinates, are obtained from 


and 


The subscripts and are associated with the assumed and the correction 
values, respectively. The angles will considered they are 
measured clockwise from the original position the load line. The ordinates 
will considered positive when they are one side the original position 
the load line and negative when they are the other side. 

Fig. the unbalanced angle the assumed static solution splits into 
the final angle and the correction angle. Thus, restore continuity 
necessary rotate the cut ends through total relative angle equal the 
angle the assumed solution. other words, the arithmetic sum the 
correction angles joint always known. The magnitude the individual 
correction angles will depend the relative flexibilities the adjacent parts 
the structure. splitting the unbalanced angles, best one can, 
proportion the relative flexibilities, fairly accurate results are possible. 
obtain precise results necessary determine the correction angles 
and the corresponding displacements precisely. what follows, first method 
presented for determining the correction angles any desired accuracy, 
and then method presented for obtaining correction ordinates precision 
the same order that the angles. 

Determination Correction method moment distribution 
for determining moments the joints continuous structures universally 
known. Since end slopes and moments are related, angle distribution has 
been proposed for use analyzing continuous addition, 
angle distribution procedure has been used construct influence line for 
beam constant moment 

this section perfectly general distribution method presented for 
determining correction angles, ¢;. The structure considered cut all 
supports, and the correction angles are obtained successively distributing 
unbalanced angles. Unbalanced angles are distributed proportion 
relative flexibilities, and each distributed angle induces angle, called the 
carry-over angle, the far end the member. The carry-over angles are 
determined multiplying the distributed angles angle carry-over factors, 

the frame Fig. restore continuity the joint, member and the 
remainder the frame whole must rotated relative each other until 
the discontinuity removed, that is, until all members framing into joint 
have the same slope, The stiffnesses, Fig. represent the moment 
necessary rotate member through unit angle, the far end being hinged 
fixed, the case may be. For example, Koa the moment necessary 


ASCE, Vol. 102, 1937, 1020. 
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rotate member through unit angle joint end being hinged, 
shown. Flexibility defined the rotation per unit moment, 
unbalanced angle joint Fig. distributed among the members the 
joint follows: the member introducing the discontinuity, and all 
other members. Since the sum the moments joint must equal zero, 


from which 
(3) 
Also Fig. 


Foa 


and defines the group flexibility members 


OB, OC, and OD. 

distributing angles, joints are considered rotate, and necessary 
the usual tabulated 
values stiffness (end fixed) 
multiplying such values 
and are moment carry-over 
factors from end end and 
ber, respectively. Values 
stiffness, far end fixed, and 

moment carry-over factors are 
generally 
can shown that the 
angle carry-over factor, 
Fig. UNBALANCED ANGLE from end end any 
member always numerically 
equal, but opposite sign, the moment carry-over factor, from end 
toend That is, 


Table illustrates the method determining correction angles the 
general case continuous beam with variable moment inertia. Table 
contains the constants used distributing angles, and the moment 
distribution constants from which they were computed. Attention called 
the fact that modified stiffness (stiffness, end hinged) was not used for 
member CD, Col. distribution procedure simplified end 
considered fixed, actually is. modified stiffness were used for CD, 
would necessary restore the angle zero after each carry-over. 


Frame Portland Cement Assn., Chicago, 1947. 
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Inasmuch only two members meet each joint, the correction angles 
distributed are directly proportional the flexibilities the individual 
members. 

The actual distribution unbalanced angles shown Table Angle 
distribution factors are indicated boxes above the joints, and angle carry- 
over factors are written above arrows indicating the direction the carry-over. 


TABLE ANGLES, BEAM 
WITH VARIABLE MOMENT INERTIA 


(a) CONSTANTS 


Member Relative stiffness 
Moment Angle Relative Distribution 
carry-over carry-over flexibility factor 
Fixed end Hinged end 
(1) (2) (3) (4) (6) (7) 


+1288 |- 1212 ia 
+2 
+ 16 
? 6 t 7 


For purposes illustration, unbalanced angles 1,000 each end 
member and 1,500 each end span have been assumed. These 
values have been underscored twice separate them from the successive 
corrections. Signs are determined automatically. previously explained, 
angles are considered positive when they are measured clockwise from the 
original position. The distribution the member introducing the unbalanced 


0.418 0.341 0.216 —0.879 4.63 0.514 
0.711 0.400 0.227 —0.609 4.40 0.486 
0.609 0.467 0.265 3.77 0.483 
0.907 0.248 4.03 0.517 
(b) UNBALANCED ANGLES 
1 
q 


angle opposite sign that angle; whereas the distribution the other 
member (or members) the same sign the unbalanced angle. Because 
end hinged, carry-over would made from end end Con- 
Determination Correction influence line for 
fixed-end moment. The ordinates such influence line, for members 


various shapes, can found many available tables and but from 
the Miiller-Breslau principle, these ordinates are displacements the load 
line that result from the application unit rotation the end the member, 


TABLE THE DEFLECTED LINE 
ANGLES ARE KNOWN 


(a) From END ANGLES 


(1) (2) (3) (5) (6) (7) 


Influence ordinate for 2.32 3.63 2.44 0.85 0.07 54.6 

Influence ordinate for 0.56 3.81 6.98 6.70 2.77 123.7 

1,520 influence ordinates for 3,520 5,500 3,700 1,300 100 83,000 
1,733 influence ordinates for 980 6,600 12,100 11,600 4,800 214,000 

Deflection ordinate 4,500 12,100 15,800 12,900 4,900 297,000 


Their values are available various publications. 


the far end being fixed. Hence, displacements resulting from any end angle 

may computed ratio from influence values for fixed-end moments. 

there are rotations both ends member, the displacements resulting from 

each end angle can computed separately and combined obtain the actual 

displacement. Similarly, areas under the deflected line may computed 

multiplying the tabulated fixed-end moment for unit uniform load the 

actual end angles. For the special case members constant moment 

inertia, ordinates the influence line for fixed-end moment end may 
determined readily means the expression: 
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considered; and distance from section considered opposite end 
member. The area under such influence line L?/12. 

Table illustrates the computation ordinates the deflected load line 
when the end angles are known. The beam that Table Detail com- 
putations are shown Table 2(b) for span each point the ordinate 


(c) Reaction 


(d) 


the deflected load line obtained ratio from the values for fixed-end mo- 
ments ends and The latter values are readily available various 
publications. span the rotation end produces displacements 
opposite those produced the rotation end result, ordinates 
and areas are computed the numerical difference those found for rotations 
ends and separately. 


‘ <} 
F 
(b) 
BA‘ ‘BC 
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INFLUENCE For BEAMS 


this section the step-by-step procedure, applied continuous beams, 
outlined, and several numerical examples are presented. 

The first step consider the structure cut the supports. Next draw 
the influence line for the statically determinate structure, and obtain the un- 
balanced angles, the joints. These angles can determined readily 
substitution the expressions shown the statical influence lines Fig. 
each case the expressions result from the application, the statically 
determinate structure, unit deformation corresponding the function 
under consideration. The correction angles, ¢;, which are added the 


Static Influence Line 


0.60¢ 
-0.879 


0.101 fe] 
—0.052 |+0.049 

-0.030/ 0 

0.014/-0.016 

0.010 

° -0.003; O 

+0.001 |-0.002 
=-0.057|-0.057 +0.124/-O.171 = 


unbalanced angles are then computed, any desired accuracy, Table 
With the correction angles known, the correction influence ordinates, 7;, are 
computed and added the static influence ordinates, obtain the influence 
ordinates for the continuous beam. 

Table and Fig. show influence lines for moment, shear, and reaction 
the same continuous beam that Table each case the correction 
angles and ordinates were determined and under 
the influence line each span were determined explained the previous 
section and illustrated Table the influence line for shear point 
(values Table Col. particular interest note that the original 


unbalanced angles points and and will the same for all 


i?) 
=+0.503 
| 
| 
x | 
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TABLE 3.—INFLUENCE FoR BEAMS 
WITH VARIABLE MOMENT INERTIA 


Mo- 
ment 
Influence line Joint point point 
Shear 
(1) (2) (3) (4) (6) 


(a) UNBALANCED ANGLES 


IIT] 


(b) ANGLES 


COL. (4) SHEAR POINT 


=— 


oc c oc= 


COL. (5) REACTION POINT (c) ANGLES 
RESPECTIVELY) 
0.907 


Al 
(d) INFLUENCE ORDINATES 
Col- 


numbers Tables (a), (b), and (c). area. These are the shear influence 
ordinates for 0.1 and 0.9 BC. 


shear influence lines span BC. result, the correction angles and 
ordinates are identical for all shear influence lines. the influence line for 
moment (values Table Col. the required unit deformation point 
automatically retained during the distribution angles. These influence 
ordinates are obtained directly from the final angles. Fig. the unit 


| 
| . 
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angular deformation introduced point with ends and free rotate, 
split between spans and the manner indicated Fig. 3(d). The 
values thus and 0.486 BC—are the only ones that 
satisfy statics. The unbalanced angles points and also have been 


determined from the relationships shown Fig. 3(d). Since the angles 
joint are already balanced, zero angle distributed this joint the first 
cycle. Carry-overs and distributions then follow before. 


TABLE 4.—Frame Constants DETERMINING 
PrecisE INFLUENCE (REFER 


ANGLE DISTRIBUTION INFLUENCE VALUES FOR 
Member Relative stiffness Points¢ 

Carry- Carry- Distri- Influ- 

actor Fixed Hinged actor actor area 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) 
0.697 0.222 2.69 2.06 0.90 28.72 
0.434 0.356 0.248 —0.697 4.03 0.41 1.86 3.55 3.62 43.16 
0.720 0.357 0.172 —0.720 5.95 0.59 7.96 6.80 2.60 167.36 
0.720 0.357 0.172 —0.720 5.95 0.65 2.60 6.80 7.96 167.36 

0.413 0.314 —0.788 3.18 0.35 5.46 5.48 3.02 52.7 

0.788 0.165 0.111 1.07 2.63 3.62 93.3 


These values are generally available. These are derived values. denotes any corresponding 
member shown Col. (1). 


INFLUENCE LINES FOR FRAMES 


with continuous girders, influence lines for rigid frames are obtained 
adding correction pattern static influence line. general, however, 
this correction pattern must adjusted for sidesway induced the frame. 

Fig. shows unsymmetrical frame, hinged one end and fixed the 
other. The constants necessary for determining the correction angles are 


‘-9" 8-0" 6'- 0" 
: B C 


INFLUENCE LINES 
shown Table Influence values for fixed-end moment, used computing 


the ordinates and areas the correction patterns, are included also. The 
moment distribution constants and the influence values for fixed-end moments 


+0.0357 
ico 


=-0.0357 


Unbalanced 


Rotations due sidesway only: 

Final slopes: 


Due rotation 
position 


Note: Influence ordinates shown 
are for the 0.7 


(c) 


Fic. 6.—INFLUENCE LINE REACTION 


can found various The calculations for determining the 
influence line for horizontal reaction point are shown Fig. Fig. 
6(a) the static influence line shown dashed, and the numerical values the 
original unbalanced angles, the correction angles, and the final angles are given. 


Vona= O Ne Oona=t280 On 200 
0.583 
\ 
0.4 
0.735 
| 
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can shown that any member, subjected rotations and 
its ends and respectively, 


and 


far end fixed. The calculation such moments shown Fig. 6(a). The 
end shears are then obtained, shown, and found that they not balance. 
satisfy statics force must applied along member prevent 
joints and from moving the left. this force car. supplied external 
restraint movement, the computed angles are correct; but, such restraint 
available, the frame will sway and the angles must adjusted accordingly. 
the latter case necessary superimpose the rotations Fig. 6(a) 
additional rotations resulting from the lateral movement joints and 

Fig. arbitrary translation joints and with numerical 
value picked for convenience only, introduced. has been introduced 
intentionally the wrong direction and called positive translation because 
positive rotations. The unbalanced angles resulting from 
the arbitrary translation are computed, and, before, correction angles and 
final angles are determined. The shear, 6.17, then obtained, Fig. 
6(a). 

Fig. 6(c) (which shows the influence line), the actual translation and the 
accompanying joint rotations are shown. Since assumed translation 
5,600 results shear 6.17, the correction translation compatible with 
the unbalanced shear Fig. 6(a) 


0.000642 


The minus sign corrects for the fact that the arbitrary translation was taken 
the wrong direction. The joint rotations accompanying sidesway are 
obtained similar manner. For example, the rotation point 


(426) 0.0443. The final slopes the influence line are then 
determined adding the angles Fig. those due sidesway. For 


the influence line shown Fig. 6(c) all ordinates that fall the outside 
periphery the structure have the same sign, and those the inside have the 
opposite sign. These signs are consistent when the loads considered are applied 
inwardly when the loads are applied outwardly. Thus the horizontal 
reaction point the left when loads are applied either the right 
leg downward girder BC. the other hand, the horizontal reaction 
the opposite direction when load applied inwardly (that is, the left) 
CD. The influence ordinates along the legs were determined adding 
the ordinates due translation only those due rotation the translated 
position. The values the end angles required compute that increment 
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influence ordinate due rotation the translated position can deter- 
mined readily means the final end slopes and translations. For example, 

Influence lines have been obtained for moment the girder and for moment 
end the frame Fig. but are not included this paper. The pro- 
cedure similar that The effects arbitrary translation have 
already been determined Fig. These results are used correcting all 
other influence lines for the effects sidesway. determining influence 
line for moment point after the original unbalanced angles 
1.000; and 0.413) are distributed, the moment, neces- 
sary impose the original unit deformation (rotation) point the cut 
structure included computing the shear point That is, the shear 


Line 


The final influence line presented for the vertical reaction three- 
legged bent prismatic members. Properties such frame are shown 
Fig. Relative stiffness (hinged end for the girders; but for the actual 


fixed-end condition the columns) were computed follows: 0.0468 
for the girders; 0.0833 for the outside columns; and 0.1667 for the 


interior column. Since there are more than two members framing into joint 
more than one set distribution factors required. These factors were 
computed means Eqs. and and are shown boxed Fig. 8(a). The 
first number the box represents the percentage the unbalanced angle 
distributed particular member when the unbalance introduced that 
member. The number parenthesis represents the percentage dis- 
tributed all other members framing into joint Because the flexibilities 
the columns were determined for the actual condition fixed ends, angles 
are carried over points The unbalanced shear determined 
before. 

Fig. the shear due arbitrary translation 24,000 deter- 


0.000116 24,000 


mined. The actual translation the column tops 
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0.1035; the angles caused the translation are (at points and 


709 0.0031 and, before translation, the same angles were: 


0.0031 0.0020. The influence line shown Fig. The sign 


convention used for ordinates the same that explained connection with 
Fig. 6(c). The leg has been considered outside member circuit 
ABCD. before, the correction influence ordinates, 7;, have been obtained 
ratio from the ordinates influence lines for fixed-end moment. 


OTHER APPLICATIONS 


The procedure described this paper can used obtain preliminary 
influence lines for the design continuous trusses. The trusses may 
treated continuous beams, with without variation moment inertia, 
and influence lines may determined for moment the supports. means 
these influence lines, influence diagrams may then obtained for stress 
the various members. 


desired, the procedure can also used determine displacements 


continuous beams and frames. The ends all members are considered cut, 
and the deflections and end rotations all loaded members are determined. 
Then correction angles and ordinates are computed and combined with the 
angles and ordinates the assumed static solution obtain the true deflected 
structure. 
REMARKS 

procedure has been presented for obtaining influence lines, any desired 
precision, directly from consideration geometry. The structure for which 
influence lines are desired may have members constant variable moment 
inertia and may may not subject sidesway. addition enabling 
one determine precise influence values, the procedure readily lends itself 
the development judgment and sense scale. 
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